A fluctuation law of the energy in freely-decaying, homogeneous and isotropic turbulence is derived within a Gaussian closure ansatz for 3D incompressible flow. In particular, a fluctuation-dissipation relation is derived which relates the strength of a stochastic backscatter term in the energy decay equation to the mean of the energy dissipation rate.
Introduction
Recently we have proposed to exploit in turbulence modelling variational principles for arbitrary mean statistics [1, 2] . The variational functionals, or "effective actions", have experimental consequences for turbulence fluctuations and are subject to realizability conditions which arise from positivity of the underlying statistical distributions. For each random variable z(t) in the flow (where z may represent a velocity at a chosen point, a pressure, a turbulent energy, etc.)
there is a corresponding effective action Γ[z], which is a functional of the whole time-history {z(t) : −∞ < t < +∞} of the variable. The realizability conditions on this action function are As a consequence, the mean value z(t) is characterized by a principle of least effective action. Similar action principles for mean histories were pointed out long ago by Onsager [3, 4] for systems close to thermal equilibrium. In that case, there is a standard fluctuation-dissipation relation, so that the (so-called) Onsager-Machlup action has the physical interpretation of a "dissipation function". Onsager's variational principle reduces then to a principle of least dissipation. The principle of least effective action which is considered here generalizes Onsager's principle to strongly-noisy, far-from-equilibrium systems, such as fully-developed turbulent flow.
To make this principle into a practical working tool, efficient and economical approximation procedures are required to calculate the effective actions. In [1, 2] we have demonstrated one such scheme, a Rayleigh-Ritz variational method inspired by the similar ones already extensively used in quantum theory. This variational method is designed to be used in conjunction with probability density-function (PDF) closures, such as mapping closures [5, 6] , generalized Langevin models [7, 8] ,etc. However, any reasonable guess of the turbulence statistics may be input into the variational method to yield approximations of the effective actions.
It is our purpose here to illustrate this Rayleigh-Ritz method for Navier-Stokes dynamics in the simplest context, a freely-decaying homogeneous and isotropic turbulence with random initial data. This is a classic problem in the field, which is reviewed, for example, in Section 2.9 of [9] or Section 7.7 of [10] . We shall assume a model energy spectrum
which has been adopted in some previous studies [11, 12] . Such a spectrum may certainly be taken at time t = 0 for the initial velocity statistics. We are assuming as well that there is a strong form of self-preservation of the spectrum, according to which the spectral shape is unchanged in time except through its dependence on the parameters ε(t), k L (t) and k d (t). It was found by Proudman and Reid from the quasinormal closure [13] that there is a backscatter term ∼ k 4 in the energy transfer T (k, t). Hence, as long as m < 4 one expects that there is a permanence of the low-wavenumber spectrum, whereas for m > 4 the spectrum with m = 4
will be established at positive times and, if m = 4 initially, then the low-wavenumber spectrum will remain of the same form with a time-dependent coefficient A(t). Here we always consider m < 4. For finiteness of the total energy, m > −1 must also be imposed and, in fact, we usually take m > 0 so that the spectrum decreases asymptotically at very low wavenumbers.
For grid-generated turbulence it is known that m ≈ 2 [11] .
is imposed on the spectral parameters by requiring continuity at k = k L (t). An additional constraint is obtained at high Reynolds number by evaluating the dissipation rate
ε 1/4 (t) [12] . Only one independent parameter is left whose time-dependence is determined by considering the evolution of the mean energy
For the above form of the spectrum it is not hard to show [12] that the dissipation is given as 
Its solution gives a prediction for the energy-decay law, as E * (t)
m+3 : see [12] .
Certain features of the above model are crude caricatures of reality. For example, the spectrum should not vanish for k > k d (t) at any time t > 0, even if it did so initially. However, the spectrum should always show some rapid exponential decay in the far dissipation range. It may be easily checked that such refinements do not change the previous results.
This simple theory may be cast into the form of a PDF closure by assuming as an ansatz at all times t ≥ 0 a Gaussian random velocity field with zero mean and with spectrum E(k, t)
given by Eq.(1.1) above. The assumption of Gaussian statistics was not used before, but is chosen here to make simpler the analytical work in applying the Rayleigh-Ritz algorithm. We will discuss later the extent to which the Gaussian approximation affects the final results. The spectrum contains one free parameter, which may be taken to be the energy per mass E(t), or, what is the same, the mean value of the quadratic velocity-moment functionalK(r; v) = at some chosen space-point r. By statistical homogeneity, the mean value is independent of this choice. The time-dependence of E(t) is then determined by projecting the Navier-Stokes dynamics onto this single moment function:
where
is the Liouville operator which generates the evolution of PDF's for the Navier-Stokes dynamics, L † is the adjoint operator which generates the evolution of observables, and · · · E(t) denotes average with respect to the model Gaussian velocity with energy E(t). It is easy to see that this prescription to determine the time-dependence leads tȯ
which, using Eq.(1.3), is clearly equivalent to the one above. However, putting the analysis into this form allows us to apply the Rayleigh-Ritz method of [1, 2] to evaluate the effective actions.
Calculation of the Action
Although any random variable might be considered, we calculate here the effective action Γ[E] of the energy history E(t) itself. According to the theorem established in [1, 2] , this effective action is characterized as the stationary point of the "nonequilibrium action functional"
varied over arbitrary right and left "trial functionals"
and fixed mean
with the initial condition
where P 0 is the initial Gaussian distribution at t = 0, and with the final condition
. In principle, the trial functional Ψ R (t) should be taken to vary over the linear space of all distributions (with arbitrary finite normalization) and Ψ L (t) varied over the linear space of all bounded observables . However, within the Gaussian ansatz above, the variation is taken over a restricted class of trial functionals. The right functional is just the Gaussian PDF itself:
with the isotropic spectral tensor
in which E(k, t) is the scalar spectrum of Eq.(1.1) for a variable total energy, now denoted K(t).
The left trial functional within the Gaussian PDF closure is chosen from among arbitrary linear combinations of the moment functionalK[r; v], which appeared in the closure, and the constant functional ≡ 1:
The variable functions of time, N (t), K(t), α 0 (t), α 1 (t) are the trial parameters of the variational calculation.
The normalization factor N (t) could be arbitrarily chosen, but its arbitrariness may also be simply absorbed into the normalization of the left trial functional. Thus, we choose N (t) so that the right trial functional is the Gaussian PDF with usual normalization. The unit overlap
by eliminating α 0 (t). One more parameter may be eliminated by using the condition Eq.
the constraint equation is obtained from an easily calculated average over the Gaussian ensem-
, this average is found to be
Note that this is the only point where Gaussian statistics will be employed in the whole calculation. From the imposed condition Eq.(2.3) we then obtain that
The action may now be evaluated as 13) in which K(t) remains as the only trial parameter. We wrote asε(r) =
the local energy dissipation rate and noted its average from Eq.(
. By requiring stationarity of the action under variations of K(t), or, δΓ[E; K]/δK(t) = 0, with fixed E(t), it is straightforward to derive the variational equation
which determines K for any given E. Substituting this into the Eq.(2.13) above, we obtain the final form of the Gaussian closure effective action
in which the K-dependence is eliminated through Eq.(2.14).
It is easy to check that, if the predicted closure mean energy E * (t) is substituted, then
The solution of this equation is
Obviously, substituting these values makes the Gaussian approximation to the action vanish identically. It can, in fact, be shown that the mean value for any closure is a zero of the approximate action evaluated by the Rayleigh-Ritz method within that same closure [1, 2] . It may even be shown further that the mean value is always a stationary point of the action,
δΓ[E * ]/δE(t) = 0. However, it need not be a minimum point, as required by the realizability conditions on the effective action. To examine the issue here, we consider small perturbations E(t) = E * (t) + δE(t) from the predicted mean. Because the calculation is straightforward but somewhat tedious, we give the details in Appendix I. The final result is that
Note that the coefficient (p − 1) in front of the action is > 0 as long as m > −3. In fact, m > −1 is required to give a finite energy. Thus, for all permissable values of m, the approximate action
satisfies realizability, at least in a small neighborhood of the mean energy history E * (t). One should be cautioned that satisfaction of realizability is only a consistency check and cannot guarantee correctness of predictions. Indeed, the same calculation as we made above would carry through exactly for the 1D Burgers equation, since the only property of the nonlinear dynamics that was used was energy conservation. However, the previous results are certainly not true for Burgers turbulence. In that case the energy spectrum Eq.(1.1) is not even the correct quasi-equilibrium form but, instead, a k −2 spectrum will develop [14] . This graphically illustrates that realizability is perfectly compatible with falsity.
On the other hand, we expect that the Gaussian approximation to the effective action with the self-preserving Kolmogorov spectrum Eq.(1.1) is qualitatively correct for 3D Navier-Stokes turbulence. It may be observed from Eq.(2.18) that this approximate action has precisely the form of an Onsager-Machlup action [4] . Hence, the same law of fluctuations would be realized with the Langevin equation
obtained by linearization of the energy-decay equation around its solution E * (t) and by addition of a white-noise random force η(t), η(t)η(t ′ ) = δ(t − t ′ ), with a coefficient We emphasize again that our results above depend very little on the choice of the Gaussian statistics. For any model statistics with the mean energy E(t) as the only free parameter and withK(r; v) the corresponding "test functional", results very similar to those above will follow.
In that general setting a result K 2 (r) E(t) = B · E 2 (t) will hold by dimensional analysis, for some constant B, replacing Eq.(2.11). Only the value B = 5 3 depends upon the Gaussian ansatz.
By employing improved closures one may hope to derive from first principles such theoretical features as the "permanence of large eddies" for m < 4. Because the Rayleigh-Ritz algorithm is a convergent approximation scheme for the true effective actions, systematic improvement of the closures will lead to a refined description of the turbulent dynamics.
Testing the Theory
The previous theory has testable consequences for turbulent energy fluctuations. The most likely experimental situation for such checks is grid turbulence, which well approximates a homogeneous, isotropic, decaying turbulence. In principle, it would be possible to make an experiment by measuring the velocity at a single point r in the frame of mean downstream motion. Constructing from this the energy history E(t) ≡ 1 2 v 2 (r, t) and compiling an ensemble of realizations, one may compute its n-point correlation functions E(t 1 ) · · · E(t n ) . These may be compared with correlation functions determined by the effective action Γ[E]. By taking n functional derivatives, evaluated at the mean value, the irreducible n-point correlators are obtained from the action, as:
For this result, for the definition of irreducible correlators and their relation to the connected correlators (or cumulants), see any text in quantum field theory, e.g. [17] , Section 6.2. We only note here that the irreducible 2-point correlator, or E(t 1 )E(t 2 ) irr , is the inverse operator kernel of the connected 2-point function (covariance) E(t 1 )E(t 2 ) con = δE(t 1 )δE(t 2 ) , i.e.
ds E(t)E(s)
It is very easy to obtain E(t)E(s) irr from Eq.(3.1) and the quadratic approximation of the effective action, Eq.(2.18). Taking its inverse, the covariance δE(t)δE(t ′ ) is then evaluated as
in the Gaussian closure. Note we have written L * (t) = Λ m · pE Performing the same experiment N times independently, one can consider an empirical mean
formed from the results E i (t), i = 1, 2, ..., N, of the N different constructed ensembles. Assuming that the turbulence is indeed statistically homogeneous, these N measurements might even be taken from points r i , i = 1, ..., N in the same flow but at separations greater than L, the integral scale, to assure statistical independence. The quantityĒ(t) has the same ensemble mean E * (t) as the individual variables E i (t) and its fluctuations δĒ(t) =Ē(t) − E * (t) will obey a similar linear equation: 
Appendices
Appendix I: Quadratic Approximation to the Action Let us consider in Eq.(2.15) small fluctuations δE, δK:
using the fact that K * (t) = E * (t). It is then easy to see from Eq.(2.15) that, up to quadratic order,
By a straightforward linearization of the determining Eq.(2.14), it follows that
Using the Eq.(4.3), it is not hard to show that
and
Substituting these into Eq.(4.2) above, it follows that, to quadratic order,
To obtain the last line we used the boundary conditions ∆ Although the present calculation employed the Gaussian ansatz, it should be stressed that a similar result will hold for more realistic statistical models of the velocity field. In particular, the quadratic form of the action does not depend upon the Gaussian assumption, but is simply a consequence of the fact that the mean history E * (t) is required to be an absolute minimum.
Hence, this will be true for any closure model leading to an effection action satisfying the realizability conditions. In that case, an expansion in small deviations δE(t) around the mean must necessarily lead to a quadratic expression involving the linearized evolution expression, ∆(t) = δĖ +Λ m pE p−1 * δE. What will be different for other closures is the coefficient multiplying ∆ 2 (t), which correspond to different predictions of the fluctuations around the mean.
Appendix II: The Predicted 2-Point Cumulant
As observed in the text, the irreducible n-point correlations of E(t) can be obtained from functional derivatives of Γ[E] at E = E * : see Eq.(3.1). Equivalently, these irreducible correlators can be read off from the Taylor series:
as E(t 1 ) · · · E(t n ) irr = Γ n (t 1 , · · · , t n ). It is thus easy to obtain E(t 1 )E(t 2 ) irr from the quadratic approximation of the action derived in the previous Appendix I, written as 
